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Abstract. In most of real world systems, it may not possible to exactly determine 

mathematical model structures and parameters of dynamical systems without involving 

uncertainties in the model possibly either due to limitations of available data, complexity 

of the networks, and environmental or demographic changes. One of typical behavior that 

commonly appears in real world systems is a periodic type. In this work, a simple 

mathematical model describing periodic type, i.e. a harmonic oscillator model, is 

considered as our subject by assuming that its initial value has uncertainty in terms of 

fuzzy number. A Fuzzy differential inclusion is chosen as a method to determine solutions. 

Application of fuzzy arithmetic to the fuzzy model leads us into a set of α-cut deterministic 

equations. The equations are then solved by two methods: classical and extended Runge-

Kutta methods. In contrast to the classical Runge-Kutta method, the extended Runge-Kutta 

method utilizes new parameters in order to enhance the order of accuracy of the solutions 

using evaluations of both function and its first derivative. We demonstrate how to estimate 

parameters of the harmonic oscillator model using both methods to our generated fuzzy 

simulation data. We finally compare numerical performances for both methods. 
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Modeling in complex systems is often faced with 
challenges in terms of measurement uncertainty

This is possibly either due to limitations of available data, 
environmental or demographic changes

Uncertainty 
Theory 

• Probabilistic
• Linguistic

Initial Value Problem with Periodic Behavior
(Harmonic Oscillator Model)

Fuzzy Theory
(Linguistic)

Periodic Type Fuzzy Differential Equations (FDEs)
(Fuzzy Initial Value Problem)

• Fuzzy Arithmetics
• Fuzzy Differential Types
• Solving Methods

Solving the FDEs

Parameter Estimation



Methodology

Initial Value Problem (Harmonic Oscillator Model)

Fuzzy Initial Value Problems

α-Cut Deterministic Systems

Fuzzy numbers
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Fuzzy Solutions

• Fuzzy Arithmetics
• Generalized Hukuhara

Differential vs Fuzzy 
Differential Inclusions

Runge-Kutta (RK) Methods 
(Classical vs Extended)

Model
ParameterParameter Estimation



Membership Function
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Arithmetic of fuzzy numbers
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Fuzzy Differential Equations



Runge-Kutta (RK) Methods
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Comparison of Fourth-order RK Methods
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Comparison of Fourth-order RK Methods
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Parameter Estimation
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Parameter Estimation
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Conclusions
• Extended Runge Kutta method is significantly better
then Classical Runge Kutta method in our some
studies. But in the case of periodical type dynamical
systems, it is need to studies more intensively.

• In this paper we showed how to choose the
appropriate fuzzy method to capture uncertainty for a
system having periodical type dynamical system, i.e.
Van der Pol model in the form of FIVP. Two method,
namely Hd and gHd concepts were not able to
capture the oscillations. In contrast, the method using
FDI concept was able to capture the oscillations and
maintained the uncertainty of the solutions. This led
us to apply the FDI concept to estimate the
parameters of the FIVP.
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