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Abstract

Measurement from experiments often consists of uncertainty. This is possibly due to the limitations
of available data taken from experiment. For example, in a biochemical system a number of exper-
iments must be carried out to obtain data accurately. However, in reality, such efforts are limited
by, for example, availability of technology, time, and cost. When we model this phenomenon, this
uncertainty may lead to unreliable estimation of model parameters. To accommodate the uncer-
tainty, each dependent variable will be assumed to have uncertainty in the terms of fuzzy variables.
Application of fuzzy arithmetic to the model leads to a-cut deterministic models with extra numbers
of equations. We then solve the deterministic equations and estimate the parameters of the system.
As an illustration, we apply our method to a simple population growth model.

Keywords: fuzzy arithmetic, fuzzy variables, a-cut deterministic models
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Motivations

- Measurement from experiments often consists of uncertainty
due to the limitations of available data taken from experiment,
which are usually caused by availability of technology, time,
and cost.

- To accommodate the uncertainty, we introduce Fuzzy Concept
In the our variables.
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Comparison of Systems

Standard Dynamical System

VS

Fuzzy Dynamical System

Real Numbers E

Variables
Parameters
Initial States

Fuzzy Numbers

Standard Differential
Equations

Model

Fuzzy Differential
Equations

Standard Arithmetic
Standard Operations

Arithmetic
&
Operations

Fuzzy Arithmetic
Fuzzy Operations

I:_—’
£

=

Solution

Fuzzy Numbers
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Examples

Classic Dynamical System Fuzzy Dynamical System

- The Sl Model - Fuzzy S| Model
The population is homogeneous. That The population is heterogeneous.
IS, each infected individual transmits This is probably caused by the
the disease with the same chance, parasite load of infected
usually given by the real number . individuals. So that, 3 is a fuzzy

number.

- Predator—Prey - Fuzzy Predator—Prey
The population of predators is A predator with a certain predatory
assume by homogeneous. level can possibly become a prey,

depending on environmental
circumstances.

- Fuzzy Population Growth Model
Y (t) = AY (t)
Y(0)=Y,

Population Growth Model

Y (1) = AY (t)
Y(0)=Y,
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Solution Methodology

SDE Fuzzy FDE
(Standard | > Arithmetic, I > (Fuzzy
Differential Fuzzy Number, Differential
Equations) o —cut Equations)
Parameter Estimation, Solution by Set of

Performed by ::I Runge-Kutta ::| o — cluit
Nonlinear Least-Square Method Deterministic

(Isgnonlin) (ode45) Equations
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Basic Concepts of Fuzzy Theory

Definition 1. Let X be a classical non-empty set and F be a fuzzy
subset of X. The a—cut of F, denoted by [F]* is the set of all

elements that belong to a fuzzy set F with at least o degree, that is,
[F]*={xeU:F(x)za}, a<c[0,1] .

Definition 2. Let R be a real number set and F be a fuzzy subset of
R . The fuzzy subset F is called by fuzzy number when:

e [F isnormal thatis, 3xe R> F(x)=1.

s [F]ﬁ .Va e€[0,1] are closed intervals of R .

o The support of F, that is Supp(F)={xeR:F(x)>0} are
bounded.

The collection of all fuzzy numbers F of R denoted by R .
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Example 1. Triangular Membership Function is one of the
examples of fuzzy number in R ., which is defined by:

=t

= H L
— ;H £ X < 1 .................... N
f—a / il

. . Fof = Coale P
zrmy;(x,[ﬂ,f,b]):<h_F . f<x<b; AT
"'I' I
0 . x others
0 H__f - N\ R
a F f £ b

with a, f.b,xeR and a {f < b. This fuzzy number is usually called

by “around [

The a—cut of the fuzzy numbers F shortened by [F|" =[F.F].
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Properties of Alpha-Cut

Definition 3. Let 4 and B be fuzzy numbers with o —cut respectively
by [4] =[A{‘,A§] and [B]’ :[Bf‘,Bf] ;and § areal number.

¢ The sum and the difference by 4 and B
[4+B]" =[4]" +[B]" =| 47 + B}, 47 + B |
[4-B] =[] -[B]" =| 47 - Bf. 47 - B} |
¢ The multiplication of the fuzzy number 4 by a real number &

wr‘—ﬁ[al“—m,g]—{[“f o45] 020

¢ The multiplication of fuzzy number 4 by fuzzy number B :
[4-B]" =[4]" -[B]" =[min P,max P]: P={47B’ 47 By A7 B, 47 By |

| 545,547 | ;6<0

o The division of fuzzy number 4 by fuzzy number B, If 0 ¢ Supp(B):
[4/B]" =[4]"/[B] =[ 47,47 ||1/B; .1/ B7 |
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Fuzzy Differential

Definition 4. Let F:(a,b) >R, ;(a,b)c R be a fuzzy function. Then
[F'(x)]" = [(F‘(x)):f J(F'(x) );J,‘m c[0,1],F'(x)eR, is called by
Seikkala Derivative of F .

The fuzzy function F in Definition 4 is called by Seikkala
Differentiable.

Theorem 1. Let F,G:(a,b) >R, ;(a,b)cR be a fuzzy functions. If F
and G respectively are Seikkala differentiable, then (F +G)' =F'+G'
and (kF)'=kF', VkcR
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Data with contain Uncertainty

Muhammad Ahsar K. // Nim. 30113012

No t a(r) Sig_1(1) Yd(r) Sig_2(1) b(7)
1 0| -22.8666 30.9639 78.9006 | 131.0585 177.7186
2 0.5000 -7.1601 46.2481 96.7233 | 141.7026 | 191.8162
3 1.0000 |  20.6094 68.6863 116.7831 | 171.5774 | 223.5580
4 1.5000 13.7802 64.4540 116.1667 | 169.3465 | 224.6342
5 2.0000 | 24.1526 77.7936 129.7609 | 180.6378 | 234.8227
6 2.5000 | 27.2550 80.2698 130.0261 | 176.7978 | 227.4361
7 3.0000 39.4503 91.8366 144.1766 | 2004010 | 254.9067
8 3.5000 | 27.4061 77.8526 123.6375 | 168.8804 | 214.1893
9 4.0000 55.3697 102.7149 152.4359 | 203.5609 | 254.1903
10 4.5000 33.7547 80.0567 132.2626 | 1909452 | 247.5333
11 5.0000 80.0741 128.2937 177.7863 | 226.0929 | 275.1936
12 5.5000 68.2465 117.7964 167.9423 | 211.9465 | 256.9079
13 6.0000 85.0459 139.4443 194.1527 | 259.0665 | 322.6224
14 6.5000 85.5241 132.1746 1812587 | 2203539 | 277.8325
15 7.0000 | 100.2094 156.2633 207.9933 | 257.1269 | 314.8294
16 7.5000 | 122.1799 175.3859 234.0147 | 2771774 | 320.3205
17 8.0000 70.2141 123.5558 178.4951 | 229.3591 | 282.4381
18 8.5000 | 97.5930 142.5861 190.2744 | 2443813 | 297.0071
19 9.0000 | 109.7736 154.6846 200.8916 | 251.7183 | 300.9603
2 9.5000 | 156.1872 217.1078 280.5131 | 3342086 | 386.9797
21 10.0000 | 180.7733 232.5402 282.8423 | 343.8199 | 406.8986
22 | 105000 | 168.9519 | 215.8110 265.6914 | 303.2759 | 339.0953
23 11.0000 | 234.6301 288.6761 3454504 | 400.8041 | 450.3278
24 | 11.5000 | 232.5068 276.4719 320.1711 | 348.0141 | 375.9461
25 12.0000 | 182.8282 | 232.6468 279.3274 | 3302663 | 379.8887
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Fuzzification of the Data

From an expert, we can obtain information about the extreme value
intervals around ¥.(D)., let |7,(0,.Y,(0),], where

Y, (0) €| Y,(0),. Y, (0), ] < [a(0), b(D)].

o0 Y R S

. o

b o e e e o o = -

a(t) 0, LG) Y0, b0 x

Fuzzy data “around Y,(7)” for any time .
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Parameter Estimation with Fuzzy Data

As an initial illustration, the fuzzy data will be comparing by a
simple population growth model, that is,

Y't)=Ar | .
; with the assumption that 1>0.
FiD=T;
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Model Revision

- Y, is expressed as fuzzy initial value, that s
Y, = trimf (x,a,,Y,,b,)

- Y@ IS called by fuzzy solution, that IS
Y (t) = trimf (x,a,(t),Y (t),b,(1)),V t.

- Formed a —cut of both ¥, and Y (¢), that are:
(%] =Y Yoty ] and [YOI" = [ X2, 75,0 |.
with o =mean{mod{e, (t)},mod{a,(?)}},Vt.



Symomath, 04 - 06 Nop 2015 Muhammad Ahsar K. // Nim. 30113012

The Set of alpha-cut Deterministic System

- Given the Equations (Seikkala 1987):
(%) O =A43(0); %3(0) =Y
(Yo ) @) =AY (0); Yo (0)=X,2,

It is called by o —cur deterministic systems, and the solutions
are:

;a e|0,1].

Y (1) = A{, €[0,1,A>0

sup

{ ()= Yﬂf;f
The solutions expresses an o —cut from fuzzy numbers Y (7).

a =mean{mod{e, ()}, mod{a, (0)}},Vt, = a=0.4711
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New significant values of the fuzzy data

The alpha value (0.4711) determines the new significant values of data fuzzy

; Yd infl(n) Yd(n) ¥d supl(?) i
25.0767 78.9006 131.1647 e |
0.5000 41.7802 96.7233 147.0172 30 s |
1.0000 659176 | 116.7831 173.2555 s .
1.5000 62.0153 116.1667 173.5343 | |
2.0000 73.9055 129.7609 185.3273 2 e |
2.5000 75.6713 130.0261 181.5455 200 L
3.0000 88.7877 1441766 202.7409 i o
3.5000 72.7415 1236375 171.5296 i
40000 | 101.0983 | 1524359 | 2062530 o e
4.5000 80.1625 132.2626 1932284 0 L
5.0000 | 126.5831 177.7863 229.3043 : | |
5.5000 | 1152140 | 167.9423 214.9955 2 .
6.0000 | 1369230 | 194.1527 262.0993
1306254 | 1812587 | 2323358
7.0000 | 1509872 | 207.9933 264.4981
7.5000 | 1748661 | 234.0147 279.6612
8.0000 | 1212261 178.4951 233.4697
8.5000 | 1412559 | 190.2744 246.7245
9.0000 | 152.7000 | 2008916 253.8172
9.5000 | 214.7581 | 280.5131 336.8225
10.0000 | 22838588 | 282.8423 348.4547
10.5000 | 2145266 | 265.6914 304.5142
11.0000 | 2868384 | 3454504 400.9192
2738061 | 3201711 | 3496701
12.0000 | 2282897 | 279.3274 332.5135
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Parameter estimation is done by providing an initial estimate on the value of A, ie
A=0.1. Then obtained the value of the parameters

4=0.1220 and 1, =0.1214

Using the initial values of Yd(0), Yd inf1(0) and Yd_inf1(0), then obtained the following

solutions:
600 T T T T T 600 T T T T T
o yest ! ’ ! ! —e— V4 ! ! ! !
—&—Y-esicla —g—Y-esi
00 H —=—Y-estcla
—e—Y-infl
—&— Y-sup1i

400 ¥ aHnf
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Using the initial values of Yd(0), Yd inf1(0) and Yd inf1(0), by taking the values of «
which is close to 1,i.e. 0.9 and 1, it is obtained, respectively:

A=0.1215 and A=1_ =0.1214

—g—="Yd
—H— Y-est
—O— Y-esicla
—&—Y{nfl
s H —8&— Y-supl

= Yd-inf1

350 H

3 10 12

- The value of alpha is inversely proportional to the uncertainty.

If the alpha value is higher, then the uncertainty becomes lower, or, it can be
said that the data more certain.
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